The fall of a quantum crystal in the state of "burst-like growth" in a superfluid liquid is considered. The experimental data of the pressure variation in the container during the fall of a crystal are discussed. The model of the motion of the crystal is suggested taking the interface dynamics into account. The results for the numerical simulation of the fall of a crystal are consistent with the experimental data. We find a significant effect of the liquid-crystal interface kinetics on the hydrodynamics of the liquid flow encircling a crystal.
INTRODUCTION
At the temperature ∼ 0.1K the density of the normal component in the superfluid helium is negligible. The motion of a body in superfluid helium at velocities much less than the sound velocity is described by the equations of hydrodynamics of ideal fluid [1] . The specific feature of the helium crystal motion in the liquid is that the pressure due to the fluid flow produces the chemical potential difference triggering the melting-crystallization processes at the interface [2] . The boundary conditions for the hydrodynamic equations, describing the fluid flow, involve the mass transport across the crystal-liquid interface as well. The shape and size of the crystal vary and the flow pattern of the liquid does as well. This situation differs in kind from the pattern for the motion of a body with an impenetrable surface.
The experiments, performed after the theoretical predictions of the quantum nature of the kinetics at the helium crystal surface [3] , are focused on the detailed study of the interface kinetics [2] . Since the crystal is motionless, the stimulation of growth and melting at the interface can be realized with the various methods. To date, a few experiments are known in which the interface kinetics affects the total crystal surface dynamics. The crystal fixed to the tip at the center of the container and subjected to the hydrostatic pressure gradient melts at the top and crystallizes at the bottom [4] . The picture looks like the crystal moves in the downward direction. The center of the crystal contour shifts downwards at a rate governed by the kinetic growth coefficient.
In paper [5] the crystal is placed on the crossbar of the U-shaped superconducting loop. The crystal is either pierced by the crossbar or placed on the platform mounted on the crossbar. The electric current, passed through the superconductor, induces the oscillations of the loop-crystal system. The both methods allow us to achieve the amplitude of the crystal velocity not more than ∼ 3cm/s. Above this velocity the crystal pierced by the crossbar starts to melt intensively, then moves downwards and falls to the bottom of the container. In the second method, as the above velocity is reached, the crystal located at the site jumps down to the bottom of the container.
The direct observation of the crystal shape transformation during the fall of the crystal is made by the Japanese group at 0.3 K using a high-speed camera [6] . The acceleration at which the crystal falls corresponds to the motion of a solid body with the adjoined mass equal to the mass of a half of the liquid displaced by the crystal. A slight deviation takes place at high velocities.
The interest in the motion of a quantum crystal in superfluid helium comes from the nontrivial pressure variation in the container during the crystal fall. The time dependence of the pressure cannot be explained by the movement of the crystal without changing its shape. This means that the phase kinetics at the liquid-crystal interface significantly affects the motion of the falling crystal. In this paper we consider the hydrodynamics of the motion of a quantum crystal with the mobile interface.
EXPERIMENTAL RESULTS

Experimental procedure
The nucleation, growth and fall of crystals are observed in an optical dilution refrigerator at temperature 106 mK. The crystals are grown in the container with the windows opposite each other at the side walls of the container. The horizontal parallel light beam transmits across the container. The image of the crystal by means of the optical system is focused at the end face of the light guide. The second end face of the light guide is outside the cryostat. The image is scanned with a CCD camera at 25 frames per second. In these experiments the lighting of the crystal is continuous. The end of the tungsten tip lies at the center of the visible field with 12 mm in diameter. This makes it possible to observe the nucleation of a crystal and its detachment from the needle tip. The pressure in the container is measured with the membrane capacitive sensor located at the upper flange of the container. The The records of the pressure in the container from the nucleation of the crystal to its fall to the bottom of the container. At the initial moment there are pressure oscillations ("burst-like growth"). The horizontal part of the record corresponds to the position of the crystal at the tip. The fall of the crystal is accompanied by some pressure drop. After the crystal reaches the bottom, the pressure relaxes to the equilibrium magnitude (dashed line). The time dependence of locating the crystal at the needle as a function of initial supersaturation is shown in the insert. The image shows the crystal at the moment before the detachment from the needle.
parameters of the sensor and the measuring circuit allow one to measure the pressure with the time interval as 40 µs.
The experiment is performed as follows. First, we set the pressure exceeding the equilibrium one by 0.1-5 mbar. The upper magnitude of pressure is limited with the spontaneous nucleation of crystals at the inner walls of the container. Next, short high-voltage pulse of the ∼ 30µs duration is applied to the needle tip, increasing the local pressure beside the tip due to electrostatic polarization. This entails the nucleation of a crystal at the time moment pointed as t=0 in Fig.1 . Depending on the initial supersaturation, the process of crystal growth to the macroscopic size proves to be different. Below the threshold or critical supersaturation the crystal grows sluggishly for ∼ 50 ms (normal growth). Above this supersaturation the pressure drop has an oscillating character and the crystal grows to its maximum size for ∼ 0.8 ms ("abnormal" or "burst-like growth"). The oscillating growth of the crystal decays for the time not longer than 5 ms and is not displayed in the scale of the plot.
The crystal nucleates in the metastable liquid at the tip located in the center of the container, grows to the size of about 1 mm, hangs on the tip during time t tip , then detaches from the support and falls to the bottom. The distance between the tip and the bottom is 17 mm. This technique is previously used to study the conditions of crystal nucleation in the state of "burst-like growth", see review [7] . In the course of the fall the pressure in the container, measured by the sensor on the upper flange, starts to decrease and becomes lower than the difference in the hydrostatic pressure between the center of the container and its bottom of ∆p = −0.29 mbar. Then the pressure increases and reaches the constant value close to the magnitude ∆p, see Fig.1 .
In the paper we consider only the crystals grown at the supersaturations above the critical one ≈ 0.8 mbar and having the high kinetics of crystal facet growth. The kinetic growth coefficient, averaged over the crystal surface, is found from the pressure oscillations. Additional details for the method of determining the kinetic growth coefficient in the oscillating mode are given in review [7] , see references there. The magnitudes of growth coefficient are shown in Fig.2 . At the end of the oscillating growth the crystal starts melting in the hydrostatic pressure gradient and displaces downwards, resulting finally in its detachment from the needle tip and in the fall to the bottom of the container. The melting time at the needle tip t tip is specified with the position of the kink at the records p(t) with respect to the time moment of crystal nucleation at t = 0.
Growth kinetic coefficient of a crystal
At ∼ 0.1 K the helium crystal has three facet systems, namely: c-facet (0001), a-facet (1010) and s-facet (1011). The crystal growth is limited by the growth kinetics at these facets. The phase kinetics will influence the hydrodynamics of the crystal motion provided the kinetic interface growth coefficient K is large. It is important to note that there are two states of the crystal, which are different in the growth rate of facets. The first state is typical for the crystals with the slow and normal growth kinetics of facets. The growth rate of the facets for such crystals does not vary in time, increases below ≈ 0.5K with decreasing the temperature and is non-linear in the supersaturation. The second state of a crystal is abnormal ("burst-like growth"). This state is a result of the influence of the excessive supersaturation on the crystal within the time interval from milliseconds to tens of seconds. The state is characterized by the high growth rate of all facets, exceeding the growth rate of the facets for the normal crystals by several orders of the magnitude, see review [7] . The high growth kinetics of crystal facets remains unchanged for some time after the transition of the crystal to the abnormal state. Then the crystal relaxes into the stable normal state. It is obvious that the influence of the dynamic fluid pressure is most pronounced for the crystals in the anomalous state.
It should be noted that the term "burst-like growth", introduced by the authors of Ref. [8] , refers to the crystal c-facet which experiences a jump-like transition from the practically motionless state to the rapid growth state. For the free growth of the helium crystal at the needle, a drastic variation of the growth kinetics is observed as well. Concerning the crystal nucleated in the metastable liquid, we observe a jump-like enhancement of the growth rate for all facets by 2-3 orders of the magnitude, i.e. abnormal growth [9] . In Ref. [10] the general physical mechanism is assumed for these phenomena on the basis of similarity in their manifestations. For the detailed comparison of the effects, see review [7] . As for the magnitudes of the kinetic coefficient for the c-facet growth in the "burst-like growth" state, due to limitations of the optical technique and the inertia of the capacitive pressure sensor we only have a lower estimate for the growth coefficient. The basal c-facet, starting from the supersaturation 100 µbar, grows by 200 -2000 atomic layers for the time less than 1 s, implying K > 10 −4 s/m, see [8] , p.141. This estimate does not contradict the magnitudes of growth coefficient K obtained for "abnormal growth", see Fig.2 . However, this estimate does not allow us to formulate either positive or negative statement about the identity of their physical nature. So, we still continue to use the "burst-like growth" and "abnormal growth" in the same meaning.
The kinetic growth coefficient for the atomically rough surface of a helium crystal is very high at temperature 100 mK. For the surface inclined with 15 degrees from the c-facet, the growth coefficient K is about 5 · 10 3 s/m at 0.3 K. (Ref. [2] , Fig. 48 ). As the temperature lowers,
As is seen from Fig.2 , the magnitudes K for the rapid facet growth is much smaller as compared with those inherent in the atomically rough sections. Thus, the shape of the crystal growing at the needle is governed with the slowest sections of the crystal surface, i.e. with the facets [11] . By the end of the rapid growth stage the crystal has the shape of a hexagonal prism, see Fig.1 . Unfortunately, the continuous lighting, used in the shooting, has not allowed us to obtain the distinct images of crystals in the course of their fall.
In our experiments the crystals are produced in the metastable liquid at high overpressurization when the abnormal state with the high growth kinetics of the facets occurs. By recording the oscillating growth of the crystal immediately after its nucleation, we have determined the kinetic growth coefficient at this time stage, see Fig.2 .
It is known from the experiments at high temperatures of 0.48 − 0.69K that the crystal returns to the normal slow kinetics of the facets in ∼ 0.1 s [12] . Therefore, the first question to be answered is the following. What is the kinetics of the crystal facets at the time of detaching the crystal from the tip? We estimate the average kinetic growth coefficient during its stay at the tip as follows. The crystal grown on the tip cannot mechanically be shifted down under the influence of gravity. This force is too small but the yield point of the crystal proves to be large [13] . The only way is to melt the crystal in the hydrostatic pressure gradient which leads to the displacement of the crystal down to the breakaway. In Ref. [4] , the relation between the velocity of the crystal center v center , its radius R, and the kinetic growth coefficient K reads
Here ρ and ρ ′ are the densities of the liquid and solid phase, respectively, and g is the acceleration of gravity. The time t tip for the remelting of the crystal and its detachment from the support depends on the position of the crystal at the needle, its shape, and kinetic growth coefficient of the surface. The insert in Fig.1 shows the dependence t tip versus the initial supersaturation at which the crystal is formed. The lower the initial supersaturation, the longer the crystal stays at the needle. Using these data, the kinetic growth coefficient averaged over time t tip is calculated using the formulas (1). The results of processing are shown in Fig.2 . As can be seen from this graph, the values of the kinetic growth coefficient during remelting are close to those calculated from the pressure oscillations after nucleation at the time t=0
It is seen that the high kinetics of the crystal facets is maintained for 0.1-0.4 s. The coefficient K at the next stage of the process before the breakaway from the tip does not significantly differ from the magnitudes at the initial stage, see Fig.2 . Thus, by the beginning of the fall, the kinetics of the crystal facets remains abnormally fast.
As the crystal reaches the bottom of the container, the pressure increases to the equilibrium one, i.e. to the hydrostatic pressure difference ∆p between the tip and the bottom of the container. As is shown in Fig.1 , the difference between the initial pressure (the crystal at the needle) and the final pressure (the crystal at the bottom) differs from that between the hydrostatic pressures at the needle and at the bottom of the container. The latter is 0.29 mbar within ±40µbar. However, the magnitude 0.29 mbar holds only for the crystals which center before detaching is at the needle tip and which have the same orientation, size and shape after the fall. However, as detaching, the center of a crystal can be located both below and above the needle tip. This changes the height of the fall and, accordingly, the difference of hydrostatic pressure. This difference is also affected with the final crystal orientation and variation in the surface curvature. For example: for the fall of the crystal with the size ratio of 0.5 mm to 2 mm, the displacement of the crystal center lies within 15 -18 mm, entailing uncertainty in the final pressure ∼ 40µ bar. The variation of the curvature radius of the crystal edges from 0.25 mm to 0.2 mm contributes an additional correction ∼ 20µ bar. These factors may explain the dispersion of the final pressure magnitudes.
Since the relaxation time of the pressure between the container and the external system is of the order of 10 s, the process observed occurs at almost constant mass of the helium in the container. The pressure growth in the liquid in this case is possible only due to the decrease in the volume of the solid phase. The non-monotonic pressure variation means that the crystal increases its volume during the fall under the influence of the liquid flow. After the stopping the crystal volume returns to the initial one. The growth and melting of the crystal in the container under the fixed helium mass is considered in Ref. [14] . The pressure relaxation time is determined by the kinetic growth coefficient and is given by the expression
Here ∆p 0 is the supersaturation of the liquid at which the crystal nucleates. The calculation of the kinetic growth coefficient according to Eq. (2) is shown in Fig.2 . These magnitudes are lower than those obtained before the crystal fall. Unfortunately, it is impossible to draw an unambiguous conclusion about the reason for reducing the kinetic coefficient of crystal facet growth. This can be relaxation similar to that observed at higher temperatures for a fixed crystal (Ref. [10] ). However, we cannot eliminate the influence of the counter flow of a liquid in the process of the fall. In general, the effect can either accelerate or slow down the relaxation of the kinetic growth coefficient to the magnitude typical for the crystals in the normal state. As we will see from the model calculation, the shape of the crystal varies as well. This results in the relaxation of the crystal shape to the equilibrium one. The relaxation time can be estimated by the eigenfrequency equation of the surface oscillations derived for a spherical quantum crystal [15, 16] . The dispersion equation for the oscillation frequencies of the spherical harmonic L reads
(3) where α is the surface tension which we assume to be isotropic for simplicity. The slowest harmonic with L = 2 for the values of the kinetic coefficient K within the range from 0.2 to 5 s/m (Fig.2) decays exponentially without oscillations at the time constant from 1 to 0.05 s. This value is of the same order of the magnitude as compared with the relaxation time of the crystal volume. The small amplitudes of harmonics do not change the volume of the crystal and do not appear at the pressure observed.
Thus the crystals, nucleated in the anomalous state, retain the fast kinetics of crystal facet growth for a long time up to ∼ 0.5 s. The records of pressure during the crystal fall qualitatively indicate a significant effect of the liquid flow around the crystal on its motion and volume.
CRYSTAL FALL IN A SUPERFLUID LIQUID
Model approximations
The shape of the crystal during its growth is determined by the anisotropy of the kinetic growth coefficient K of the crystal facets. The videorecord of the crystal growth in the anomalous state shows that the anisotropy of the growth coefficient K is small. The ratio of its minimum to maximum magnitudes lies within several units [7] . Let us take the growth coefficient K isotropic as is done earlier when processing the data of the oscillating crystal growth in the anomalous state [17] . In this approximation the shape of the crystal during its growth under influence of the fluid flow will evolve, tracking only the phase nonequilibrium at the liquid-crystal interface. The initial shape of the crystal is approximated as spherical, this shape being above the roughening transitions [4] .
The equations of motion of the crystal. The known solution.
At ∼ 0.1K the concentration of the normal component of liquid helium is negligible. The motion of the superfluid component at velocities much less than the sound velocity is described by the equations of an ideal fluid [1] . In the fixed reference frame the hydrodynamic equations are given by [18] 
(4) Here − → v is the velocity of the liquid, ϕ is the velocity potential and z is the coordinate axis directed vertically upwards. The boundary conditions read [5, 18] 
Here − → u is the velocity of the crystal, V is the normal growth rate of the surface and R 1,2 are the principal radii of curvature. In experiments [5] the crystal oscillations occur with the amplitude much smaller than the crystal size. In this case the quadratic terms in Eqs. (4) and (5) are small. In the linear approximation the crystal shape remains spherical. The force applied to the crystal is given by the expression
One can see from this expression that the phase kinetics at the interface significantly changes the dynamics of the crystal motion. For the small growth kinetic coefficient, the force from the liquid is close to the inertial force of the adjoined mass of the liquid. If growth coefficient K is large, the force is dissipative and vanishes as K → ∞.
The initial phase of the fall.
After detaching the crystal from the tip, its motion is governed by gravity and buoyancy. The velocity of the crystal and the liquid vanishes. At this stage of the fall the quadratic terms in the system (4) -(5) are small, they can be neglected and the problem becomes linear. Such simplification of the problem is performed under the following conditions:
The problem is solved similarly to the problem of the quantum crystal oscillations considered in Ref. [5] . The force of gravity, hydrostatic pressure gradient and pressure of the fluid flow pressure exert on the sphere falling in the liquid. The first two factors give the Archimedes law. The resultant force is equal to ∆ρgV crystal . The flow of the liquid encircles the sphere and the velocity component normal to the sphere surface is given by expression v n = 2A(t) cos θ/R 3 [1] . Here θ is the angle between the z axis and the normal to the surface. Integrating the pressure of the incoming flow and equating it with the Archimedes force, we obtain the equation of motion
The boundary condition is derived from relations (5) 2A(t)
Treating these expressions, we arrive at the equationṡ
The crystal starts the motion at zero velocity u = 0 and motionless liquid A(0) = 0. The velocity for the fall of the crystal depends on the time as follows:
(11) The acceleration is equal to
The crystal starts to move with the acceleration of gravity, a(0) = ∆ρ ρ ′ g. In the experiment for K > 0.2 s/m, this magnitude is below 1µs and unobservable in the present measurements. In the steady-state mode t ≫ τ 0 the acceleration of the fall coincides with the magnitude of the acceleration of the solid sphere in the ideal liquid if we take the adjoined mass into account [19] 
It is interesting to note that at K → ∞ the time of the transition to the steady state goes to infinity and the crystal falls not disturbing the liquid. In this case the liquid, flowing to the lower side of the crystal, crystallizes without energy dissipation and simultaneously the same amount of the solid phase melts from the opposite side. This conclusion is consistent with the remark to the expression (6) on the disappearance of the force acting on the crystal from the liquid at infinitely high interface kinetics. In the experiment the magnitudes of the kinetic growth coefficient as ∼ 10 s/m are not so large and such situation is not realized.
Next motion of the crystal
The involvement of quadratic terms into the system of equations (4) - (5) is necessary since condition (7) breaks down. This occurs approximately at ∼ 40 ms after the start of the fall. Let us consider the situation when the pressure associated with the quadratic terms is much higher than the pressure due to the acceleration of the crystal, ρv 2 ≫ ρRa. The growth rate of the crystal surface is determined by the expression for the difference in the chemical potentials given by Eq.(5). The expression for the pressure reads
Here V 0 is the internal volume of the container and k l is the compressibility of liquid helium. The last two terms in the expression (14) involve: (a) the pressure drop in the container when the volume of the crystal changes; (b) the change in the hydrostatic pressure of the liquid when the crystal falls. The qualitative change in the shape of a crystal is clear from the general picture of the liquid flow around the crystal. The flow rate of the liquid is maximum for the cross section which gives the maximum difference in chemical potentials in accordance with formula (5) and, consequently, the maximum growth rate. The crystal starts to increase the transverse size and the volume. As a result, the pressure inside the container decreases faster than it would occur if the crystal falls with the same shape. The growth of the transverse size of the crystal leads to an increase in the adjoined mass of the liquid [19] which, in turn, reduces the acceleration at which the crystal falls. The numerical simulation of the crystal fall, having the constant kinetic growth coefficient K = 0.22 s/m, is shown in Fig.3 . The shape of the crystal is approximated by an ellipsoid of rotation with the symmetry axis parallel to velocity u. From Fig.3 it can be seen that the total time of the crystal fall to the bottom of the container, distant by 17 mm from the tip at which the crystal nucleates, is about a quarter of second. The time of steady-state acceleration, estimated by formula (11) , is about τ 0 ∼ 1µ s. The pressure drop is proportional to the displacement of the z center coordinate only in first ∼ 40 ms, while the crystal retains its shape and volume. The further impact of the counterflow of liquid leads to decreasing the longitudinal size of the crystal and increasing its transverse size. The size ratio at the end of the fall is about 3. Changing the shape of the crystal increases the adjoined mass of the liquid and reduces the acceleration of the crystal fall from ∼ 68 cm/s 2 to ∼ 32 cm/s 2 (see Fig.3 , the lower graphic). After the stopping the crystal relaxes to equilibrium and the excess mass melts. This process is accompanied by an increase in pressure to equilibrium in this position. For K = 0.22 s/m, the calculated time is τ relax = 8.1 ms. The comparison of the results of our model calculation in Fig.3 with the experimental records in Fig.1 demonstrates that such simplified model of the crystal fall describes the main qualitative features of the process. The phase kinetics plays a significant role even at the magnitudes of the kinetic growth coefficient K ∼ 0.2s/m. The question whether this model is applicable to the interpretation of the experiments of the Japanese group [6] should be answered negatively. The lower part of the crystal, as is seen in the shooting, has the well-visible facets. The falling crystal is in the normal state with the low kinetics of facet growth. On the contrary, the upper surface of the crystal remains in the atomically rough state. This shape of the crystal differs in kind from the isotropic model accepted.
CONCLUSION
A simple model for the fall of a crystal in superfluid liquid with the constant isotropic interface growth kinetic coefficient qualitatively explains the variation in pressure in the container. The numerical estimates, based on this model, allow us to draw a number of significant conclusions on the physical effects accompanying this process. First, it is shown that after the formation of the anomalous state of the helium crystal at temperature 0.1 K, this state is maintained to a half of second, that is, much longer than at temperatures of 0.48 − 0.69 K. Second, the effect of phase kinetics on the motion of a quantum crys-tal in the ideal fluid is demonstrated. The pressure measurements clearly show an increase in the crystal volume when the liquid flows around the crystal. The change in the shape can only be judged by the results of mathematical modelling. The construction for the quantitative model of the crystal fall in a superfluid liquid requires involving the factors beyond the model considered, such as: the change in the kinetic growth coefficient in time, the crystal faceting which has the specific features in the fluid flow around the crystal edges, and the possible development of instabilities. Accounting for these phenomena is beyond the capabilities of our model.
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